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Abstract 

An important operation in generalized complex geometry is the Courant 
bracket which extends the Lie bracket that acts only on vectors to a pair given by 
a vector and a p-form. We explore the possibility of promoting the elements of 
the Courant bracket to physical fields by constructing a geometric action based 
on the Kirillov-Kostant symplectic form. For the p = forms, the action general- 
izes Polyakov's two-dimensional quantum gravity when viewed as the geometric 
action for the Virasoro algebra. We show that the geometric action arising from 
the centrally extended Courant bracket for the vector and zero form pair is simi- 
lar to the geometric action obtained from the semi-direct product of the Virasoro 
algebra with a U(l) affine Kac-Moody algebra. For arbitrary p restricted to a 
Dirac structure, we derived the geometric action and exhibit generalizations for 
almost complex structures built on the Kirillov-Kostant symplectic form. In the 
case of p + 1 dimensional submanifolds, we also discuss a generalization of a 
Kahler structure on the orbits of T* © /\ P T. 



1 Introduction 



Understanding fluxes in string theory is one of the most active recent directions. Two 
immediate applications are found in the AdS/CFT correspondence and in moduli sta- 
bilization which plays a central role in phenomenological string model building. One 
of the best understood situations pertains to the B-field. Recently, there has been 
a successful cross fertilization between the mathematical and physics communities on 
this topic. For a review see [1]. In particular, generalized complex geometry has been 
shown to be relevant for various aspects of string theory with fluxes. 

Generalized complex geometry has been introduced by Hitchin as a form of con- 
structing differential geometry with a B-field [2,3]. More mathematically, it is a gen- 
eralization of complex geometry, which includes the tangent bundle of a manifold T, 
to give T © T*, that is, the sum of the tangent and the cotangent bundle. A more 
complete account of generalized complex geometry can be found in [4]. The interplay of 
this concept with the physics of supersymmetric sigma-models is still being explored [5] 
but has already clarified various interesting properties of background with fluxes (for 
reviews see [6]). An example of generalized complex geometry is bi-Hermitian geome- 
try which was already known in physics more than twenty years ago due to the work 
of Gates, Hull and Rocek [7]. 

An important structure in generalized complex geometry is the Courant bracket. 
In particular, integrability of the almost complex structures in generalized complex 
geometry is determined by the Courant bracket (see, for example, section 4.3 of [4]). 
The Courant bracket can be viewed as an extension of the Lie bracket of vector fields 
by acting on pairs given by a vector and a p-form [8]. Part of what we will show is that 
for the particular case of p — 0, the Courant bracket furnishes a generalization of the 
Virasoro algebra. This becomes manifest when one writes the geometric action which 
arises from integrating a symplectic two-form, on the orbit of an element, say X, 
dual to T © A°T*. This implies a natural generalization of the 2D Polyakov action. 

Furthermore, the p — 1 case, corresponding to T © T*, has been heavily exploited 
in determining generalized complex structures [2-4] that are related to 5-fields. This 
is done on a Dirac subbundle E G T © T*. One of the constructions of a generalized 
complex structures relies on a symplectic two-form ui on the vector space T so that 
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relative to the the space T © T* one may write 




i 



) 



(1.1) 



We are interested in exploring a somewhat different generalization of this which ex- 
ploits the symplectic two-form fl^ that lives on the orbit of X e E*. This is the 
coadjoint orbit construction of the geometric action. This will give a family of sym- 
plectic structures parameterized by the fields X. In future work we hope to show 
that X can be made dynamical which imparts a variational principle to the space of 
symplectic structures. Since is a natural two- form on E* the hope is to relate this 
to generalized complex structures with the aim being whether such an approach can 
bring a resolution to at least part of the landscape problem in string theory. 

Finally one can use the above mentioned coadjoint orbit construction for the case 
when p > 1. This allows us to extend the notion of generalized complex structures to 
sections on T © A P T*. Such bundles may be relevant for charged D-branes. Thus we 
explore the rich structure between geometric actions which are closely tied to sigma 
models and the complex structures which are tied to the symplectic geometry via the 
Courant bracket. 

Thus, our interests in constructing geometric actions for the Courant bracket are 
in the generalization of the Virasoro algebra for the case when p = 0, developing a 
theory in which there is a natural potential for complex structures that come from the 
p = 1 sector, and extending the differential geometry to the p > 1 sector by looking at 
p-extended generalized complex structures and their associated Kahler structure. All 
in all, we hope to clarify the role of the Courant bracket as a central element in the 
physics of generalizations of Calabi-Yau manifolds and D-brane physics. 

Our approach is to study the Courant bracket as an algebra and to construct its 
dual. Part of this work will focus on the Dirac subbundle of the Courant bracket since 
this sector can be treated as a Lie algebra. Using the methods of coadjoint orbits [9-11] 
we construct an invariant action that is akin to the WZW model, 2D Polyakov actions 
and other sigma models by using the natural symplectic structure on each orbit. We 
show an extension of Eq. |l.lj for sections of the space (T © A P T*) © (T* © A P T) as an 
example of a p-extended generalized complex structure. We further show that one may 
define a p-extended generalized Kahler metric on each orbit for p > 1 when restricted 
to p + 1 dimensional submanifolds. In the particular case of p = 0, we will construct 
the geometric action for the Courant bracket and show that its central extension is a 
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generalization of the Liouville action for the Virasoro algebra. 

The paper is organized as follows. Section [2] contains a brief review of generalized 
complex geometry and introduces the Courant bracket. Then in section [3] we discuss 
the dual representation for the Courant bracket with arbitrary p and show how the 
dual representation transforms under the action of the Courant bracket. Section H] 
reviews in detail the construction of geometric actions and presents Polyakov's two- 
dimensional quantum gravity as the geometric action for the Virasoro algebra. In 
section [5] we explicitly construct the action that results from the Courant bracket in 
the case of p = 0. We also consider the central extension of this case and find that 
it is, in many aspects, similar to the action obtained from the semi direct product of 
the Virasoro algebra with a Kac-Moody affine algebra with group U(l). Section [531 
discusses the general case p ^ 0. We find a geometric action for a Dirac subbundle 
of elements in T © A P T*. In section [6] we further discuss the p-extended generalized 
complex structures for this Dirac subbundle and present a p-extended Kahler structure 
on p + 1 dimensional submanifolds. We present our conclusions and direction for future 
research in section [7J 

2 Review of the Courant Bracket 

Motivated by the prominent role that the 5-field plays in string theory Hitchin [2,3] 
initiated a program to study differential geometry by considering structures in T © T* 
rather than the standard tangent bundle T. An element of this generalized bundle 
is of the form (X, £ ) where Visa vector and £ a one-form. This bundle comes 
with a natural indefinite metric via the interior product of a one-form and a vector: 
((X,£), (X,£)) = —ixi- The i?-field appears naturally in this picture since a two-from 
naturally introduces an automorphism of T©T*, i.e. B : (X,£) i— > (X,£+ixB). Thus, 
in this picture the -B-field generates isometries of the natural metric discussed above 
since ixixB = 0. 

In principle, there is no canonical Lie bracket for this bundle, one can however in- 
troduce the Courant bracket which has a number of interesting and natural properties. 
The Courant bracket is a generalization of the Lie bracket on sections of the tangent 
bundle T to sections of the bundle T © A P T*. Let X and Y be vector fields and £ and 
rj represent p-forms. Call X = (X, £) and y = {Y,t]). The Courant bracket is defined 
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on T = (T, 13) G C°°(T © A P T*) as [2-4] 

[A', y] = [(X, 0, (y, V)] = ([X, Y], £xV - £y£ - ~d[ixV - irt] ) • (2.1) 

It will be useful for us to write the pair (X, £) as a rank one contravariant tensor field 
and an anti-symmetric p-tensor viz, 

(X,d^(X b ,£ blb2 ... bp ). (2.2) 

Then Eq. |2.1] has the explicit realization as 

),(Y ,Vhb 2 -b p )] = ( zc ,(cic 2 -c p ), (2.3) 

where 

Z c = X a d a Y c - Y a d a X c , (2.4) 

and 

Cci-cp = CxVcl-cp - Cy^a-cp - ^d[ Cl X a r]\ a \ C2 ... Cp] + -d[ Cl Y a £\ a \ C2 ... Cp] . (2.5) 

As we just mentioned, an important property of the Courant bracket is that it 
allows non-trivial automorphisms defined by a closed p + 1-form a G C°°(A P+1 T*): 

A(X,Z) = (X,Z + i x a) (2.6) 

Using [Cxyiy] = i[x,Y] one can easily check that 

A([(X,t),(Y, v ))) = [A(X,t),A(Y,r])). (2.7) 

In the case of p = 1, as noted above, this automorphism is a natural place for intro- 
ducing the .B-field where in the above a — B. 

In general the Courant bracket does not satisfy the Jacobi identity. Indeed the 
Jacobiator 

j(x, y, z) = [x, [y, z\\ + [y, [z, x}\ + [z, \x, y}} (2.8) 

does not vanish due to the presence of terms of the type ixV- F° r the p — 1 case, 
one circumvents the issue of non-associativity by focusing on the Dirac subbundle. 
Definition: A Dirac structure on M is a subbundle E G T © T* such that [2-4]: 

• E is maximally isotropic for natural metric, and 
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• sections of E are closed under the Courant bracket. 

For our purposes for arbitrary p it will be enough to think of the Dirac subbundle, E p 
as the subspace of all vector fields, X and p-forms f3, such that ix/3 = 0, V {X, (3} G E p . 
One interesting case is p = 0, in this case the Courant bracket does satisfy the Jacobi 
identity. It takes the form 

[(X, /), (Y, g)} = ([X, Y], C x g - Cyf) . (2.9) 

3 The Dual Representation of the Courant Bracket 

In order to discuss the dual of the Courant Bracket let us motivate the discussion 
by considering the dual of an algebra Q denoted by Q* . The action of the adjoint 
representation on itself is realized through the commutator, 

X*Y=[X,Y], (3.1) 

where X and Y are in the adjoint representation. We introduce a representation dual 
to the adjoint representation by constructing an invariant scalar 

(X\Y)=C(X,Y), (3.2) 

where the X is an element in the dual representation. C(X, Y) represents a scalar with 
respect to the algebra so that for any Z and Y in the adjoint representation, and any 
X in the dual representation 

Z*C(X,Y)=0. (3.3) 

By using Leibnitz rule we can extract the action of the adjoint elements on the dual 
elements, 

Z * (X\Y) = =>• (Z * X\Y) + (X\Z * Y) = 0, (3.4) 
and since the action of the adjoint representation on itself is known we conclude that 

(Z*X\Y) = -{X\Z*Y} = -(X\[Z,Y\). (3.5) 

We define the coadjoint representation as the elements, say X, which are dual to the 
algebra so that the action of any element of the adjoint representation, Z *X is defined 
through 

(Z*X\Y) = -(X\[Z,Y]). (3.6) 
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The group action of G on X is generated by the adjoint representation for those 
elements of the group that are connected to the identity. Since the algebra generates 
the group G, one can use the algebra to make infinitesimal changes to the coadjoint 
element X. For fixed X, the group action on X defines the coadjoint orbit of X. There 
are some group elements that leave X invariant. The isotropy algebra, 7i of X is 
determined by the subalgebra of elements that send X to zero. In other words, F is 
said to be in Ti if F * X = 0. 7i generates the isotropy group H . The coadjoint orbit of 
X is then characterized by the coset space G/H. The adjoint action of X determines 
the tangent space on the orbit of X. One may write that SzX = Z*X on the coadjoint 
orbit. If the algebra is Lie, then given any two coadjoint elements Xi and X 2 on the 
orbit of X, one may define a symplectic two form by writing 

Qj t (X 1 ,X 2 ) = {X\[F 1 ,F 2 ]), (3.7) 

where 5 Fl X = X 1 and S F2 X = X 2 . 

Now the paradigm for constructing an action given an algebra came from the sem- 
inal work of Kirillov [9-11], who recognized the important relation between symplectic 
structures and coadjoint orbits. The paradigm can be summarized for a symmetry 
group G as: 

• Write a pairing < X \ Y > between Y an element of Q and X an element of Q* . 

• Using the adjoint representation, demand that the pairing be invariant. This 
allows us to define the coadjoint representation. 

• The orbits of each element of the coadjoint representation, say X, corresponds 
to a symplectic manifolds with G/H symmetry where H is the subgroup that 
leaves X invariant. For W and Z elements of Q, the natural symplectic two-form 
on the orbit of X is simply Q X {W, Z) =< X | [W, Z] > . 

• Use the natural symplectic structure on the orbits to build a Geometric Action, 
S x — J Q x . The fields in the geometric action correspond to elements of the 
group G while X is a background field that dictates the symmetry of the action. 

It is symplectic since Q x (Xi, X 2 ) is closed by virtue of the Jacobi identity of the al- 
gebra and nondegenerate [9-12]. This is known in the literature as the Kostant-Kirillov 
form. Using Q x (Xi, X 2 ) the construction of the geometric action for the coadjoint or- 
bit of X is straightforward. To proceed with the construction of the geometric action, 
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one fixes the background fields X. This chooses the symmetry of the action via G/H. 
Then by using the group action on X, integrates this symplectic two form over a two- 
dimensional manifold and recovers the geometric action. 

Jt, 

This geometric action has inherited the G/H symmetry of the orbit. We come to the 
explicit construction of the action in sections [5j 

The Coadjoint Orbits of three 
coadjoint elements A B and C 




Figure 1: Coadjoint Orbits 



To implement the above procedure on T © a p T* the bracket must be restricted to 
a subbundle where the Jacobi identity is satisfied. It is for this reason that we restrict 
our study to a Dirac structure E p e T © A P T*. First we introduce the dual space of 
E p , E* G T* © A P T, The dual space elements will be denoted by X = (X, £) which 
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explicitly are the tensor densities of weight — 1, (X a , £°i- a p). Then a suitable pairing 
over a volume v between these spaces is: 



{(X,£)\(Y,r j )) = a 1 J dvX a Y a + a 2 J dv £ a ^ r) ai ... ap , 



(3.9) 



where cci and 0:2 are constants dv is an infinitesimal volume element. Since we expect 
this pairing to be invariant under the action of the adjoint representation we have that 

((X,£)\(Z,(3) * (Y, r])} = -((Z,(3) * (X,£)\(Y, V )). (3.10) 

This relation defines the coadjoint action. One finds that the action of the adjoint 
element (Z,(3) on the coadjoint elements X = (X a ,^ ai - ap ) is 



(Z,0) * (X a ,i a ^) = (5X a ,5i a ^), (3.11) 



where 



5X a = - ai C z X a - a 2 (V a (3 ai ... ap )r- a » - (-l) p a 2 V [ai (P Ha2 ... ap] £"*>) 

... - (-l) P a 2 V [ap (i a ^P ai ... ap _ l]a ) ~ \^V [ai {i ai --- a ^\a\a 2 ...a p] 

S ^ ai ...a p = - a2 C z l^- a r + \-a 2 (v 6 | 6 [ a2 - a f)Z ai] . (3.12) 

Note that the above expression is independent of the connection. 

From here the symplectic two-form on the orbit of Z is straightforward. For Z = 
(Z a , ( a i--- a p) and the Courant elements X = (X a , £ ai -a p ) and y = (Y a , i] ai ... ap ), we write 

Vz(X,y) = J j j dvdq 1 dq 2 u Jl j(q 1 ,q 2 )X(q 1 ) I y(q 2 ) J 
= a x J dvZ a (X c V c Y a -Y c V c X a ) 

- a 2 J dvC^* {Y a V a U-a v + U 2 -a p V ai Y a + ■■■ + U-a v - 1( N a Y a ) 

+ a 2 J dvC, ai - ap (X a V a r] ai ... ap + r] aa2 ... ap V ai X a + ■■■ + r] ai ... ap _ ia V ap X a ) . 

(3.13) 

If we symbolically write the above as VluX I y J we can identify the mapping of flu 
on each component and see that it maps T © a p T* to T* © AT. One finds that 

(QzhjX 1 = {XI T W ) = {^) ca X c + ^(2) a { % } , uj(3) a {b} X«) , (3.14) 



where u(i) is associated with the i th summand in Eq. |3.13| . Explicitly 

(u(l) da X d )[q 2 ] = ! jdvdq, [i a {X c {q 1 )V c 5{q 2 )-ZJ{q 2 )V a X c {q l ))y 



K2)„ W £ W )fe] = 

-a 2 J J dvd qi r - a ^5(q 2 ) V a e(ft)ai...ap - e(gi)aa 2 -..a p V ai % 2 ) + 

V ap 5(g 2 )), 

(^(3)i d} X a )[g 2 ] = 

a 2 jj dvd qi r-^(x( qi y5 d a i:^ 

+ ■■■ + Sfa) 5t: d aUa V ap X( gi ) a ), (3.15) 

where {6} denotes 61 • • • b p and = 5^ • • • . 

Similarly we can symbolically write the inverse on X*i = (X*, as 



^r ld {b} e {b} , ^y i \ b] (x\-u(i) ad u(3r id {c} e {c} )) 



(3.16) 



where {b} denotes b\- ■ - b p . 

For p = 1 Q% maps the space T © T* back into itself. Indeed for this case one has 



' £a J V W(l) W(2) ) I £a ' (3 ' 1T) 



and the inverse map 



These will prove useful in section [5] when we discuss the generalized complex structure 
for the p = 1 case. 

Lastly, we would like the automorphism of Eq. |2.6j to generate an isotropy of the 
pairing, Eq. [3.9] . This requirement induces a transformation on the dual space elements 
so that under the automorphism, 

A(X a ,C^) = (X a + (-l) p a aai ... ap i ai ~ a >, I 01 " "). (3.19) 

From here it is easy to see that the component of acts as an operator valued 
B transformation for p = 1. Indeed one observes that in Eqs. [3.14ll3.16j . u(l) ca acts as 
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a ca in both Eg. [2.6] and Eg. [3.19] since it is independently a closed two form. The z a 
field governs the choice of this operator. 

From here we proceed to the construction the geometric action. In the next section 
we give a brief review of the 2D Polyakov gravitational action as an example of a 
geometric action. 

4 Review of the 2D Polyakov Geometric Action 

Let us briefly review how the 2D gravity a la Polyakov arises as the geometric action 
of a particular orbit of the Virasoro algebra. We view the Virasoro group as the group 
of diffeomorphisms of a line or the circle DiffS' 1 . 

The Virasoro algebra is the centrally extended algebra of Lie derivatives in one 
dimension. In any dimension the algebra of Lie derivative with respect to £ on rj can 
be written as 

Crf = ?dbV a -V h d b ? = {Zo V ); (4.1) 

and satisfies, 

[C{, C v ] = C^ or] . (4.2) 

In one dimension, we can centrally extend this algebra by including a two cocycle 
which is coordinate invariant. We write the commutation relations as 

[{C e ,a),(£ f ,,b)] = {£t on ,(t,r,)). (4.3) 

Here (£, rj) is called a two-cocycle and maps a pair of elements of the algebra into 
complex numbers. It satisfies the cocycle condition which are necessary conditions for 
the centrally extended algebra to satisfy the Jacobi identity. We consider a two cocycle 
that depends on the one- dimensional metric g a b, an arbitrary rank two tensor D a b, and 
a constant, c: 

(£, V) = ^J (rV a V b V c rf ) dx h + ±-J (CD ab V cV c ) dx b - (£ <- rj). (4.4) 

Here the index structure is left intact in order to show the invariance of the two cocy- 
cle. The one dimensional metric tensor g a b is compatible with the covariant derivative 
operator V. Only the triple derivative term is special to the one dimensional construc- 
tion as it will not satisfy the Jacobi identity in other than one dimension. The term 
containing D a b can exist as a two-cocycle for the algebra of Lie derivatives over any 
line integral in higher dimensions. 
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Now taking advantage of the fact that we are in one dimension we write, 
(£, v) = ^J (£V" - Cv) dx + ^J - ?V){D + c(V - T 2 /2)) dx. (4.5) 

Here T is the one dimensional Christoffel symbol and ' denotes derivation with 
respect to the coordinate. It is important to acknowledge that Eq. |4.4j is not the most 
general form of a two-cocycle. Indeed one can capture the connection independence of 
a two-cocycle by writing 

(£, V) = ^ J (£f " t"'v) dx + ^J (tf ~ fr) ( D + cn ) dx ' ( 4 - 6 ) 

where 1Z is any projective connection that transforms as V — T 2 /2 under one dimen- 
sional coordinate transformations. However for the sake of heuristics, we will use 
Eq. |4.5j in what follows. Our choice for the two cocycle, Eq. |4.5j . can be reduced to 

it v) = ^J w - e'v) dx +^J w - t'v) B ( 4 - 7 ) 

which depends on, B = D + c(T' — \T 2 ). B is called a quadratic differential. This 
separation of the 'triple derivative' term from the quadratic differential is due to the 
fact that the 'triple derivative' term will separately satisfy the Jacobi identity. Even 
though neither the 'triple derivative' term nor the quadratic differential term are co- 
variant expressions, the two-cocycle is still coordinate invariant. Different choices of B 
determine different symmetries. 

The Lie derivative of B with respect to £ is 

5B = 2£'B + £B' + 2cC- (4.8) 

A suitable pairing between the centrally extended algebra element (£^, a) and a coad- 
joint element (-B P7 , b) may be written as 

((B n , b) | (^, a)) = i- J SfBfrdx 1 + ba. (4.9) 

Again, after suppressing the index structure, the centrally extended algebra element 

v = ({w-ev),J(trr-e'v)dx) 

and the coadjoint element B = (B, ^-) can be paired to give the two-cocycle from 
Eq.gZl; 

(B | F) = ((B, JL) | ^ v f -ev),J^V M -e'v) d ^)) = (4-10) 
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It is worth remarking that the object T'—^T 2 is precisely the Schwartzian derivative. 
To see this consider a one dimensional coordinate transformation x —>■ s(x). Since 

M s ) = d^o^^(x) (4.11) 
and for g a p{x) — 1, Y — Q j^ d 2 s(x). Then it follows that 

(V - -T 2 ) = -* (%< x » 2 + 3^1 = s s(x) x x u 12) 

(i 2 1 ] 2 (d x s(x)) 2 d x s(x) {S[XhXh 

where {s(x),x} is the Schwartzian derivative. With this we know the finite transfor- 
mation law of the coadjoint vector, B = (B, ^) with respect to the group element 
s(x). The finite transformation law for (B(x),c) is then 

R // a _(( B(x(s)) c{s,x} \ _c_\ 

1 J VV(ds/da;) 2 M^M^Vw ' 2tt j 1 j 

The above transformation determines the coadjoint orbit of B since it determines 
all the coadjoint elements that can be reached by making a finite transformation on 
B [9,11,12]. A coadjoint element, say A that cannot be reached from the group action 
on B has a separate orbit as in Figure pp. The collections of all orbits foliates the dual 
space of the algebra, Q* . Each orbit admits a symplectic two form, yielding a Poisson 
bracket structure, which can be integrated over a suitable two manifold to produce 
a physical action. These actions are called geometric actions [13-17]. The symmetry 
of the action can also be extracted from Eq. |4.13j and its infinitesimal counterpart 
Eq. [4.8j as the isotropy group H(B) corresponds to those transformation that leave B 
invariant or at the infinitesimal level, those vector fields £ in Eq. |4.8j that give zero 
variation. Since the orbit of B can be characterized by the coset G/H(B) then the 
action corresponding to this orbit has G/H(B) symmetry. 

To construct the action we employ the techniques found in [18]. Consider any 
manifold M, endowed with a non-degenerate, closed two form Q, Figure[2]. Then an 
action functional for any trajectory connecting two points, say Pa and Pb, on M can be 
constructed by first choosing any arbitrary but otherwise fixed point Pq. Then for some 
trajectory parameterized by r joining P4 to Pb, one labels each of a one parameter 
family of paths joining P to every point on the r trajectory with a parameter A in 
such a way that when A equals we are at the point Pq and when A equals 1 we are at 
some point on the trajectory. The family of paths joining Pq to the r trajectory should 
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be chosen so as to sweep out a two-dimensional submanifold in M. Then by integrating 
the two form ft over this two dimensional surface, we get the desired action, 

S= [ ft (4.14) 

where M is the submanifold triangulated by the points Po, Pa, and Pb- 

In what follows we will consider r to be an evolution parameter and A to represent an 
additional spatial coordinate that runs from < A < 1. Thus, our group elements may 
be written as s(A, r; x) corresponding to a two parameter family of diffeomorphism 
group elements. We will use boundary conditions so that s(A = 0, r; x) = x and 
s(A = 1,t;x) = s(t,x). 

Integrating the Symplectic Two-Form 
D.[X,X] 




Figure 2: The Parameters A and r sweep out a 2D submanifold. 

For the explicit construction of the action, we need to know the algebraic elements, 
i.e. the infinitesimal coordinate transformations along A and r. Then one may write 
that 

S B = J dXdr ft(B / A ( S (A,r)),B;(s(A,r))) = 

J d\dr(B'(s(X, r))| [F' x (s(\ r)), i?(a(A, r))] >. (4.15) 

where here F\(s(X,t)) and F t (s(X,t)) are the elements of the algebra living in the 
adjoint representation that are associated with infinitesimal transformations along the 
A and r directions respectively. With this we find that 

F' x (s) ee s-'F's 
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= s^F^s (4.16) 

and 



In the above, the quantity s~ 1 F£s represents the pull back of the adjoint vector to 
the x coordinate system and B is also evaluated in the x coordinate system. From 
Eqs. |4. 10114. 15| one can show that the action can be written as 

S = J d\dr{{B'{s) I [s^F^s-'F^s]) + ^(s'^s, s^Ffsf) (4.18) 



with 



and 



[s^Ffr s-^s] = F\ (l;^')) " (|^a) FAs') (4.19) 

(s-^s, s-^s) = I ds' [F X ^ - F T ^F A ) . (4.20) 
Explicitly in index notation this is 

(4.21) 

here the order of derivatives with respect to s and the derivatives of A and r are 
important since they do not commute. After suppressing the indices, contributions for 
that part of the action independent of B a p(x) are: 

c r 3ds d 2 s d 3 s/dx 3 ds d 2 s (d 2 s/dx 2 ) 2 

2tt J T ^2d^d\dx {ds/dx) 3 ~ Ih dXdx {ds/dx)* + 

3 d 2 s d 3 s 1 (9s 1 1 efts ds 
2 dx 2 d 2 xd\ (ds/dx) 3 dr 2 {ds/dx) 2 dx 3 d\ dr 

-(A«->r). } (4.22) 

By including the B(x) contribution we can write the action (up to total derivatives) as 

s -5 / " ™] " / ™fSf w 

If we change notation x — * x_,r — > x + , s —*■ f, and i? — > then the action is identical 
to Polyakov's action [19], viz 

S = ^j d2x {9+d - f) ~ (9!/)2 (9 - /r 1 " / d2xBd +fl d -f- 

(4.24) 
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This is nothing but equation (5) in [19]. Alternatively, this is the light-cone gauge 
expression of equation (16) of [20] which results from integrating over the string embed- 
ding A M in the path integral with the standard Polyakov action J d 2 ^. s /gg ab d a X^df ) X fl . 
The reader might perhaps be more familiar with the integration over string embedding 
A M with the world sheet metric in the conformal gauge, in which case the result is the 
Liouville action. 

5 A geometric action for the Courant bracket 

5.1 Transformation Laws and Isotropy Equations for p = 

A particularly interesting case is p = where in the pair under consideration (X, f) 
the second entry is just a function /. This case was mentioned in [2] where it was noted 
that the Courant bracket can be understood as the usual Lie bracket on S l — invariant 
vector fields of the form I + onMxS 1 . In this case the Courant algebra may be 
written as 



First we define a pairing between the adjoint elements and their duals. A suitable 
pairing between the adjoint element (Y, g) and the dual element (X, f) for any number 
of dimensions may be written as 



The choice of scalar product is natural in the sense that it is a quadratic pairing and it 
is linear in the fields. This should be compared to the line integral pairing in Eq. [4.9] 
where the dual elements become a quadratic differential and where a central extension 
can exist. As an important remark we could have used this pairing for the Virasoro 
algebra where dv is the one dimensional volume. Instead of quadratic differentials the 
dual elements would have been covariant tensor densities of rank one and weight — 1. 
(In our notation the square root of determinant of the metric yfg has weight —1.) Thus, 
the one dimensional pairing could also have been chosen to be 



Recall that for a scalar density of weight n, say h, that the covariant derivative of h is 



(A, /) * (Y, g) = [(A, /), (Y, g)} = ([A, Y],£ x g - C Y f) . 



(5.1) 




(5.2) 




(5.3) 



given by 



V a /i = d a h + nh T b , 
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This is consistent with 

^aV9 = d a ^-^T b ab = 0. 

Similar modifications are true for the Lie derivative on densities. As an example, we 
have 

Sg = 99 ab Sg ab 
for any variation of a metric, so one finds that 

C v g = gg ab C n g ah = -gg ah {V a r] b + V 6 %) = ~V a d a g - 2gd aV a . 

For a tensor density with weight n the Lie derivative with respect to a vector field say, 
r), contains an extra summand n d a r\ a from the Lie derivative of a tensor with the same 
rank but zero weight. Thus the Lie derivative of _Bt ensor which has rank one and weight 
— 1, in the direction of rf is 

^tensor = ^A^tcnsor _ ^tcnsor^A _ ^tensor^A) ^ 

It is worth noting that in one dimension, that there is an ambiguity in tensor classi- 
fications. Indeed any one dimensional tensor of rank p and weight w transforms like 
a tensor or rank any rank q and that has weight q — p + w. Thus in one dimension, 
Eq. [5.4j reduces to 

5 n B tcnsov = -7]{B tcnsor )' - 2B tcnsoi 7]'. (5.5) 

This is the transformation law for a quadratic differential in one dimension. 

Now we need the transformation laws for the Courant coadjoint representation. Let 
T = (X, h) and Q = (Y, g) be two adjoint vectors. Since we demand that the pairing 
be invariant under the group transformation laws, the adjoint action on the pairing 
will give zero. By Leibnitz rule we can then find the transformation law for a coadjoint 
element B = (X, f) since 

F*(B\g) = (5.6) 

which is 

(X,h)*((XJ~)\(Y,g)) = 0. (5.7) 

Using Leibnitz rule, 

((X,h) * (X,f)\(Y,g)) + ((XJ)\(X,h) * (Y,g)) = 0, (5.8) 
leads to the transformation laws 

5fB = (X, h) * (X, /) = (C X X - fdh, C x f) . (5.9) 
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Explicitly this is 



—X b d b X a — X b d a X b — X a d b X b 



(5.10) 



and 



c x f = -x a d a f - fd a x 



a 



(5.11) 



so that component-wise 



5tB 



X b d b X a - X b d a X b - X a d b X b - fd a h, -X a dJ - fd a X 



a 



(5.12) 



Eq. [5.12] reveals that X a transforms under the coordinate transformations as a vector 
field density with weight — 1. (As we remarked in the beginning of this section, this is 
also a quadratic differential in one dimension due to the one dimensional ambiguity.) 
The element / is a scalar density of weight —1. The inhomogeneous contribution to the 
transformation law for X, i.e. —fdh, is reminiscent of the transformation law for the 
quadratic differential in the presence of a gauge field [13,17,21,22]. Later in section [5731 
we will show that this is indeed the case in one dimension. The field theory associated 
with the p = Courant bracket is equivalent to that of a U(l) Kac-Moody algebra 
tensored with the Virasoro algebra. 

The finite transformations associated with Eq. |5.12j contains both a coordinate 
transformation and a shift are 



The h transformations of Eq. |5.12j adds an inhomogeneous contribution to X a that is 
akin to a U(l) gauge transformations. The term fdh will also transform as vector field 
with density —1 as we will see in Eq. |5.18j . The importance of the finite coordinate 
transformation laws are that they allow us to go anywhere on the coadjoint orbit which 
is required to construct the invariant action. Each orbit will inherit symmetries that 
are determined by those adjoint elements that leave the coadjoint element that defines 
the orbit invariant. In general the group generated by the adjoint representation Q and 
the subgroup that is generated by the isotropy algebra 7i characterize the coadjoint 
orbit through the coset Q/7i. 




(5.13) 



and 




(5.14) 
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The symmetries of the coadjoint orbit associated with the (X, f) can be determined 
from the isotropy algebra of (X, /) which is defined by those elements of the adjoint 
elements, which satisfy 

(X,h)*(XJ) = (0,0). (5.15) 

These elements form the subalgebra Ti, mentioned above and lead to the symmetry 
relations 

C x X-fdh = 0, C x f = 0, (5.16) 

for (X, /) G Ti. The above equations have the following geometrical interpretation. The 
first equation corresponds to symmetries produced when certain gauge transformations 
can offset changes from certain coordinate transformations. The relation can also be 
established by the family of gauge and coordinate transformations that separately leave 
X and / invariant. These equations may also be interpreted as a geodetic equations, 
where the isotropy equation of / requires that the quantity / be conserved along the 
flow of X. Since / is a density (volume), this equation denotes the Killing equation 
for volume preserving vector fields associated with /. 

5.2 The p = Geometric Action 

Let us now construct the invariant geometric action, Q. Guided by Eq. [4.15j we let 
Fa(s m (A, r), h(X, r)) and F r (s M (A, r), h(X, r)) correspond to the generators along the 
two directions, A and r respectively where here s^{x a \ A, r) corresponds to a two pa- 
rameter family of coordinates and h(X, r) is a two parameter family of functions of 
x p . 

S B = j d\dr n(B' x (s^\,T),h(\,T)),B' T (s^\,T),h(\,r))) = 
dXdT(B'(s»(X, r), h(X, r))| [F' x (s»(X, r), h(X, r)), F^(X, r), h(X, r))]>. (5.17) 



From Eq. [5.12j we find that 



and 



where 



KK.kl/y,*)] =(X",ti) (5.19) 
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and 

h ' = ^t^ h - a ^w a ^ (5 - 21) 

Putting this together we find the invariant action is 

p J 1 ds u dsP Osp dx^ ds^ dx$ 

_ / rs dxdr\?f. | (x c a Jl + a*i^ 

J ] ds v dsP dsP dx? ' ds^ dx~< y ' 

+ J <T S d Xir\ S £ | - < 5 ' 22 > 

Up to a total r derivative, but keeping the total A derivative, we can write 

If ~ ~ dh dr a 

S P = = -J d n xdT(X a + f—)d T s»— 

or _ /5r a (9 <9 

- -Jd"xd\dTf—{d T s»—d x h-d x s»—d T h) (5.23) 

This action now gives dynamics to the group elements s(X,t,x) and h(X,r,x). The 
field X a and / are background fields that serve as sources for an induced metric <9 r s M |^- 
and a (7(1) vector field dh. As we will explore in the next section, this is a Courant 
bracket variation of 2D Polyakov gravity along with a U(l) WZW model but without 
central extension. 



5.3 Review of Kac-Moody and Virasoro Semi-Direct Product 

We now will make the comparison to this model where 2D Polyakov gravity and WZNW 
models are combined. For completeness let us quickly review the case of the semi- 
direct product of a Kac-Moody algebra with the Virasoro algebra [16,17]. In the mode 
decomposition the semi-direct product of the two algebras may be written as 

[L N , L M ] — (N — M) L N+M + cN 3 5 N+M ,o, (5.24) 



J%, .f M \ = i f a ^ J p N+M + Nk 5 N+M ,o S ap , (5.25) 
and 

[L N ,J a M } = -M J a N+M , (5.26) 
where [r a , t 13 } = i/ a/37 r 7 . One can, for example, realized the algebra on a circle with 

L N = C N da = ie iN %, J a N = r a e me . (5.27) 
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This centrally extended basis can be thought of as the three-tuple, 

(La,4,p). (5.28) 
From the above commutation relations, the adjoint representation acts on itself as 

i^Lnewi Jnewi A) (5.29) 

where 



{A - N') L M 



N' 



Jnew — M J 'a+M' B J b+N' ^B+M' 



A 



(cA 3 )S A +N'fi + Bk5 a p 5 B+M' 



(5.30) 



Now lets consider two centrally extended adjoint elements in this algebra, T = 
(£,h,a) and Q = (ip,g,b) that are functions in this basis. From the commutation 
relations, the action of the these adjoint elements on themselves is 

{t,h,a)*(i/,,g,b) = (zi//-tf,-tf+1,h',J (^W^ + ^(^'"-VO)^ 

(5.31) 

where ' denotes dg the circle parameter and where we have normalized the two-cocycle 
to be consistent with [16,17]. 

Using a closed line integral for the pairing and the two cocycle, the coadjoint action 
of T on a coadjoint vector B = (D(6), A(6),fj,) may be written as 



5 F B = (-2£'D - D% 



. c/j, 



C - Ah!, -AX - AC - 2kifiti, 0). 



(5.32) 



The geometric action for the general Kac- Moody/ Virasoro case is 



>KV 



d T s 



dedrD(9)^- + / dOdrdX [d T D -f- - d x D 



8-rS 



dgs J \ dgs dgs / 

J d9dTTiA e g' 1 d T g + J d9 dr dATr(V xA e )g~ 1 d T g - J d9 dr d\Tr(X7 T A)g- 1 d x g 



+ 



+ 



^- \ dOdrdX 
48tt J 



(des) 



' -idg _idg' 

9 d~y g Yr 



dOdrdX 



dOdT — kjj, I Tig 1 -^9 L T^-d6dr 



dg_ ^dg 
dd 9 dr 



(5.33) 



where the derivative operators are defined by 

s s 

^r = d T - -£-d - d e (-£-), 
d e s d s 



d\s 



^x = d x - —d e - de( — 



(5.34) 



d e s d e s 

This action will give intuition to the action we derive from the Courant bracket when 
p = 0. 
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5.4 Central Extension of the p = Courant Bracket in One Dimension 

Now let us examine the issue of central extensions for the one dimensional p = 
Courant bracket when there are periodic boundary conditions or when the vector fields 
vanish on the boundary. We define a centrally extended Courant bracket for p = by 
writing the algebra of a triplet as; 

[(X, /, c), (Y, g, D)] = ([X, Y], C x g - C Y f , d(X, Y) + C 2 (f, g)) . (5.35) 

Here C and D are centrally extended elements of the Bracket. The two cocycles Ci(X, Y) 
and C 2 (f,g) are defined as 

d(X, Y) = /3i J (X a V a V b V c Y c ) dx\ (5.36) 

and 

C 2 (f, g) = I (f(V b g) - g(V b f)) dx b . (5.37) 



These two-cocycles vanish under the Jacobi Identity, 
[(X,a,A),[(Y,b,B),(Z,c,c)}} + 

[(Z,c,c),[(X,a,A),(r,6,B)]] + [(r,6,B),[(Z,c,c),(X,a,A)]] = 0. (5.38) 
This follows since 

Ct(X, [Y, Z\) + &(Y, [Z, X]) + &{Z, [X, Y]) = (5.39) 

and since 

C 2 (a, £yc - C z b*J + C 2 \b, C z a - Cx^j + C 2 f c, - £ya 
= y a(Yc' - Zh')' dx - J a' {Yd - Zb') dx + ^ b(Za' - Xd)' dx 
- y 6'(^ a ' - ^C) dx + / c(X6' - Fa')' dx - ^ d(Xb' - Ya') dx = 

(5.40) 

when there are periodic boundary conditions or when the vector fields vanish at the 
spatial boundaries. In order to maintain a manifestly covariant description of the 
coadjoint representation, we us a pairing akin to Eq. |4.9j viz., 

(B | T) = ({D„, A p , 0) | (XP, f, A)) = J X^D^dxi + / ' A p fdx" + /3a. (5.41) 
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We find that the action of the adjoint element T on a coadjoint element B = (D{6), A(9),/3) 
may be written as 



S F B = - (2X'D + D'X + fix"' + Af ', A'X + AX' + 2(3 f ', 0) . (5.42) 
The geometric action can be read off and is 



5p=o, ( 



dx a dx@ , ds^ d 2 s p ds^ d 2 s p x 
) dsP ds-r ( dr ds^dX ~ ~dX ds^dr' 



j dXdrds^ \D a p{ s {x)) + A a d p f + (fyrj, - ir^r^ 

d^xdXdr (A, + 2(3 d a f) g^(d T s»—d x f - W^f). 

To compare let g be the U(l) group element such that g = exp(if). Then after 
integrating by parts and suppressing the one dimensional indices we find 



(5.43) 



5p=o,d=l 

+ 

+ 
+ 

+ 



= J d 2 x{D-tAg- 1 d x g)^ 
j d 3 x (d T (D - lAg'^g) ^ - d\(D - iAg- x d x g) 

i J d 2 xA x g- 1 d T g - i J d*x{V x A x )g- x d T g + i J d 3 x(y ' T A)g- 1 d x g 



dls {dlsf{d T s) 



- I d 2 x 

4 



•P [j* -i d 9 -i d 9 
% 2 dXQ Tx 9 Tr 



(d x s) 



(5.44) 



This is to be compared with Eq. |5.33| when the group of gauge transformations is 
Abelian. This now makes the U(l) Kac-Moody/Virasoro analogue that we had men- 
tioned earlier complete. 

5.5 A geometric action for the Courant bracket (p ^ 0) 

The general case p ^ has a number of new features. This can be traced to the 
fact that the Courant bracket does not satisfy the Jacobi identity for general p ^ 0, 
except in a restricted sense as explained in [4] . Our purpose is to construct a geometric 
action built from a symplectic two-form Q. This requires that Q be non-degenerate 
and closed, i.e. dfl = 0. For the geometric action the closed condition, i.e. dQ = 0, 
arises as a consequence of the Jacobi identity being satisfied by the defining algebra. 
Therefore in this section we will be required to restrict our attention to the case where 
the Jacobi identity is satisfied. 
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A sufficient condition for a subbundle of T © A P T* to satisfy the Jacobi identity is 
that the vectors fields should be hypersurface orthogonal to the p-forms. Then for all 
elements of this subbundle, (X, £), we require that X ai S, aia2 ... ap = 0. From Eq. |3.12j . 
we can identify the group action on (X a , £ a i--- a p). Note the exterior derivative terms in 
the Eq. |3.12| will not contribute because of the hypersurface orthogonality condition. 
It is straightforward to write the coadjoint element analogous to the Eq. |5.18j . 

By.0=ei#H*.f£, I^Hf'V) (5.45) 
y 0s n ds r ds n J 

The adjoint element corresponding to Eq. |5.19| is given by 

[F' x (s m ,e),F' T (s™e)]=(X ra ,e' ai „.J (5.46) 

where 

and a p-form /3 ai ... ap which is in the Dirac subbundle. 
As before we can put this all together and find that, 

r 8r m 
+ / d n sd\dT\—-\e i - bp /3 bl ... bp 



(5.4* 



P'=B bl , bp+1 —...—X' b ^. (5.49) 



The fields X^ and £ bl - b p serve as background fields that dictate together the symmetry 
of the action. 

As an explicit example we may consider a p + 1-form B and define, 

ds bl ds b " 
ibl - bpbp+1 d^ " ' 

This corresponds to a 5-field transformation of the zero p-form with the automorphism 
discussed earlier, Eq. |2.6j . The physics of membranes offers an interpretation of the 
above action. A p-brane is charged by a p + 1-form via the following interaction, 

S p = -jdTdai...do*^- r ..~ [^B^ p y (5.50) 

This action measure the flux through the p dimensional spatial surface. Furthermore 
the p + 1-form has it dynamics through 

S i= [ d n xH n+2 H^-^\ (5.51) 
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where 

Hhi-ij.p+2 = ^i-^M2-Mp+2]- (5.52) 

When n = p in Eg. [5.48] . one can interpret the field Pb 1 ...b p as charging a one parameter 
family (A) of p-branes embeddings given by £ bl --- b p. The 2 nd summand of Eq. |5.48] 
corresponds to the response of the flux to this family of embeddings as A goes from 
to 1, where at say A = the map is the identity and at A = 1 the map is a particular 
p-brane embedding. 

We are interested in how this action may be used to follow changes in sympletic 
and complex structures that are related to the Courant algebroid on T © A P T*. Since 
each orbit has a distinct symplectic structure, one now has a method of character- 
izing the symplectic structures in terms of the orbits and embedding manifold. By 
incorporating the Lagrangian dynamics for the Xd and £ bl - b p fields one effectively has 
a theory of symplectic structures that perhaps can be related to generalized complex 
structures and geometric quantization. In future work we will use the methods of [22], 
to determine the dynamics of these fields which is transverse to the orbits, i.e. the 
transverse action. Thus the field theory of X and £ provides an effective potential 
for a family of symplectic structures. These symplectic structures might be related 
to generalized complex structures which in turn would give an effective action for the 
space of generalized complex structures. This would give a variational principle to the 
complex structures which can assist in studying the string landscape problem. 

6 Extended Complex and Kahler Structures 

In this section we give several examples on how one might employ to extend both 
Kahler geometry and generalized complex structures to the space of orbits. At present 
we have not made contact with sigma models and supersymmetry but do hope to 
address these relationships in future work. 

6.1 A Kahler Structure on the p = 1 Orbits of Z 

A natural question to ask is if one can endow the coadjoint orbit of Z = (Z a , ( a ) with 
a Kahler geometry. Suppose that 5 A and 5B are on the obit of Z where 5 A = 5x Z 
and a similar relation for y and 6B. Can one define a Kahler-like metric on the orbit? 
Assume that a suitable almost complex structure exist on the orbit of Z. Then one 
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can write a general Kahler metric Q Z (5A, 5B) =<< X, y >> z as 

« x, y »£= x - (-Qz(jx, y) + fig(x, jy)) . (6.1) 

To be explicit we write X = (X a ,£ a ) and y = (Y a ,r]b). Consider the usual almost 
complex structure with Riemannian metric on T © T* given by 

f ) (6.2) 

V 9ab J 

so that 3~{X) = (— £°, X a ) and a similar action on y. Then a direct calculation shows 
that on the orbit of Z we have a generalized Kahler metric given by 



«x,y» = ^ / z a (-c xV a - CyC 

+ y/ ( b (C Y X b + C x Y b ) 



+ y / C + £6) . (6.3) 



6.2 Generalized Complexification using Vtr, 



As one can see in Eq. [3.13j . Q% will not map elements of T into T*. However part of our 
motivation for this work was to exploit the rich symplectic geometry of the coadjoint 
orbits and extend it to generalized complex structures for the case where p = 1, i.e. 
T © T*, and also to see whether this method can lead to p-extended complexifications. 
The space of orbits would then foliate the different complexifications. In this section 
we wish to find an analogue of the almost complex structure of the type 

discussed in [2-4] with Q 2 replacing u. Now VL^X, y) maps T © A P T* into T* © A P T. 
Therefore we look for a complexification on the space £ p G (T © A P T*) © (T* © A P T). 
In what follows we assume there exists a Riemannian metric that maps T into T* and 
vice versa. Then, for two coordinates X = (X, y*) and Y = (W, Z*) on £ p we define 
the bracket [[*,*]] as 

[\x.,Y]] = [x,w\®[(y*y,(zy]*, (6.5) 

with [*, *] the Courant bracket. Then for the phase space coordinate, X = (X,y*) we 
define the almost complex structure as 

J- Z {X) = J- Z {X, T) = {-W\T) t n z (x)) . (6.6) 
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This almost complex structure extends to all p and the isotropies of Z determine the 
symmetries of this p-extended almost complex structure. 

For the p — 1 case £\ is just two copies of T © T*. Furthermore we can use the 
components of f^, viz. u)(l),u(2), and u>(3) in Eqs. |3.17] to write a complex structure 
directly on E = T © T*. Since is closed and invertible independent of lu(2) and 
a; (3). We can write a complex structure associated with the orbit of Z as 

In a similar vein, since Vt~^ corresponds to the Poisson bracket algebra, and a; (2) and 
to (3) correspond to linear transformations on the Courant elements, we can write a 
different almost complex structure as 

A _ ( -o;(3)o;(l)- 1 a;(2) \ 

Jz -{u(2ru(l)u(3y J' (6 ' 8) 

6.3 p-Extended Kahler Structure on p + 1 Dimensional Submanifolds 

Eq. |3.7j defines a symplectic structure on the orbits associated with Courant algebroid 
T© A P T* that has a Dirac structure. In this section we give an example for an extension 
of generalized complex structures to T © T* by using the Levi-Civita tensor on a p + 1 
submanifold. This interest is partly due to D-brane physics as briefly stated above. 
Motivated by the Hodge-* duality between one forms and p- forms on p+ 1 dimensional 
submanifolds we define an almost complex structure J~((X,£)) on T© A P T* with basis 
T © A P T* by writing 



J(X) = j((X b , Vbl ... bp )) = f-^e h ^ Vh ..^~e bln ..^X b> j 



(6.9) 



where e(a) bl ... bp+1 is a p + 1 dimensional Levi-Civita tensor on a submanifold say o. 
Now in general, the Nijenhuis tensor associated with J can be computed from 

Nj(x, y) = U(x), j(y)\ - j([j(x), y\) + J([J(y), x\) - [x, y\. (e.io) 

In tensor notation this becomes 

Nj(x,y) = (Zj(x,y) b ,(j(x,y) h ... bp ), (6.11) 

with 

Zj(X,y) b = 0, (6.12) 
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and 



dai\X f] ma2---a p ~\~ ' ' ' ~\~ X f]a\ ■■■a p -im) ■ 

As one can see the obstruction for the vanishing of the Nijenhuis tensor is removed by 
the conditions of the Dirac subbundle. 

From this complex structure and the symplectic two-form Q, we can define the p- 
extended generalized Kahler metric, << *, * >>, for the Courant algebroid with Dirac 
structure on the p + 1 dimensional submanifold a on each orbit through, 

« x,y» { ^ a) = \ (-^ { z, a) (Jx,y) + n^ a) (x,jy)) . (6.13) 

Here Z = (z a ,( bl "' bp ) is the dual element defining the orbit, while X = (x a ,^ ai ... ap ) 
and y = (y a ,r) ai ... ap ) are elements of the Dirac algebroid. With this we may write the 
metric explicitly as 

«x,y» M = y J (CyC + c xV a ) z a - ^ J (?vfj + ^Vol) 

+ f J(v a r~ a *){ev ai -a P + v a u- ap } 

- *yJ + - C b ac {x c V b y a + y c V b x a )) 

+ y J (b {x a V a x b + x a V a y b ) , (6.14) 



where in the above 



1 1 

b _ _„ 601-Op £ b = __ f Jai-Op 

r) _ ^r] ai ... ap e 5 _ ^W-a p e 

A = ^ ^ai— Op, Ail = ?ai--a p 

So — y/p c bai---a p S ac — S t aa2 ... apC 

~ _ ?«i-a p £ _ ?oi-Opt 

'/ — S <la\---a p S — S sai—ap 

~a p _ 7-a\—a p ? a p _ ?ai—a p t 

'la — S 7ai •••a p _ia Sa — S Sai---a p _ia- 



(6.15) 



7 Conclusions 

In this paper we have constructed geometric actions based on the Kirillov-Kostant 
symplectic form, for the Courant bracket. The orbit method provides an interesting 
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starting point for studying the changes in certain generalized complex structure by as- 
signing a complex structure (through the symplectic geometry) to an orbit. Changing 
orbits is tantamount to changing the equivalence class of generalized complex struc- 
tures. In this note we work out the details and offer interpretations of the geometric 
actions associated with Dirac structures on T © A P T*. Our first result is given in 
subsection 15.31 which contains a geometric action for the centrally extended Courant 
bracket in the case of p = in one spatial dimension. This action is a generalization 
of Polyakov's 2-d quantum gravity. Its structure is similar to the geometric action for 
the semidirect product of Virasoro and the affine Kac- Moody algebra with group U(l). 
The general case p 7^ is restricted since closure of the Kirillov-Kostant two form is 
guaranteed only by the Jacobi identity on the Courant bracket. This last property 
requires pairs (X,£) to form a Dirac structure. More concretely, the vector X and the 
form £ must be orthogonal in the sense of interior product, ix£, = 0. We were then 
able to construct the geometric action for all p restricted to the Dirac structure. The 
action lends itself to an interpretation of integrated fluxes due to similarities of the 
geometric action with charged p-branes. We next considered Kahler geometries on the 
orbits for p = 1, and some unique almost complex structures related to the symplectic 
two- form on the orbit. This gives us a way of treating the orbit as a complex geometric 
space that is suitable. We then consider p-extensions of generalized complex structures 
using two examples. One corresponded to doubling the space to include the dual of the 
Courant algebroid (two field theoretic dimensions) and the other relies on the Hodge * 
dual to relate p forms to vector fields on a p + 1 dimensional manifold. In that case we 
again went further to show a generalization of Kahler geometry on the orbits of E p . 

The above work has been restricted to a Dirac structure, and the question remains 
concerning the direct connection to the 5-field in string theory. This needs to be 
further studied but the method can be adapted to the full T © a p T* since in the 
general case the Jacobiator will differ from zero only by the exterior derivative of a 
Nijenhaus tensor [4]. Although we have not shown this, we suspect that this addition 
will add to the geometric action dynamical terms such as Eq. |5.52j . Lifting the Dirac 
structure may bring this work closer to the physics the B field case in p = 1 and more 
generally the study of D-brane fluxes. Part of our future work will try to make these 
remarks concrete. We also intend to make stronger the relationship with the extensive 
work of generalized complex structure by incorporating a spinor field associated with 
each orbit and relating this to supersymmetry. 
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There are many open problems that remain. For example, having a generalization 
of Polyakov 2-d quantum gravity one wonders about the quantization aspects of such 
action and its possible interpretation as a generalization of string theory. It would also 
be interesting to connect the action obtained in our paper with other approaches based 
on the Batalin-Vilkovisky formalism recently discussed in [23]. There are similarly 
interesting works motivating actions based on current algebras for Courant brackets, 
and that, as in our case, make crucial use of the Dirac structure [24] and [25] Another 
question is what is the relationship of the different p on n dimensional manifolds and 
the homology classes of these manifolds. Such a relationship could bring this work 
closer to understanding the moduli of Calabi-Yau compactifications. We see this work 
as an initial probe into the study of inherent structures of the Courant bracket in the 
investigations of generalized complex and Kahler structures. 
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